In this paper we present sufficient conditions for the existence of heteroclinic or homoclinic solutions for second order coupled systems of differential equations on the real line.
Introduction
In this paper, we consider the second order coupled system on the real line
with φ and ψ increasing homeomorphisms verifying some adequate relations on their inverses, a, b : R → (0, +∞[ are continuous functions, f, h : R 5 → R are L 1 -Carathéodory functions, together with asymptotic conditions u(−∞) = A, u (+∞) = 0, v(−∞) = B, v (+∞) = 0 (2) for A, B ∈ R.
Heteroclinic trajectories play an important role in geometrical analysis of dynamical systems, connecting unstable and stable equilibria having two or more equilibrium points, [12] . In fact, the homoclinic or heteroclinic orbits are a kind of spiral structures, which are general phenomena in nature, [25] . Graphical illustrations and a very complete explanation on homoclinics and heteroclinics bifurcations can be seen in [11] . A planar homoclinic theorem and heteroclinic orbits, to analyze fluid models, is studied in [6] . Applications of dynamic systems techniques to the problem of heteroclinic connections and resonance transitions, are treated in [15] , on planar circular domains. To prove the existence of heteroclinic solutions, for a class of nonautonomous second-order equations, see [2, 9, 18] . Topological, variational and minimization methods to find heteroclinic connections can be found in [24] .
On heteroclinic coupled systems, among many published works, we highlight some of them:
In [1] , Aguiar et al. consider the dynamics of small networks of coupled cells, with one of the points, analyzed as invariant subsets, can support robust heteroclinic attractors;
In [3] , Ashwin and Karabacak study coupled phase oscillators and discuss heteroclinic cycles and networks between partially synchronized states and in [14] , they analyze coupled phase oscillators, highlighting a dynamic mechanism, nothing more than a heteroclinic network;
In [5] , the authors investigate such heteroclinic network between partially synchronized states, where the phases cluster are divided into three groups; Moreover, in [10] , the authors present some applications, results, methods and problems that have been recently reported and, in addition, they suggest some possible research directions, and some problems for further studies on homoclinics and heteroclinics.
Cabada and Cid, in [7] , study the following boundary value problem on the real line
with a singular φ-Laplacian operator where f is a continuous function that satisfies suitable symmetric conditions. In [8] , Calamai discusses the solvability of the following strongly nonlinear problem:
where α < β, φ : (−r, r) → R is a general increasing homeomorphism with bounded domain (singular φ-Laplacian), a is a positive, continuous function and f is a Carathéodory nonlinear function.
Recently, in [13] , Kajiwara proved the existence of a heteroclinic solution of the FitzHugh-Nagumo type reaction-diffusion system, under certain conditions on the heterogeneity.
Motivated by these works and applying the techniques suggested in [16, 20, 21, 22] , we apply the fixed point theory, to obtain sufficient conditions for the existence of heteroclinic solutions of the coupled system (1), (2), assuming some adequate conditions on φ −1 , ψ −1 .
We emphasize that it is the first time where heteroclinic solutions for second order coupled differential systems are considered for systems with full nonlinearities depending on both unknown functions and their first derivatives. An example illustrates the potentialities of our main result, and an application to coupled nonlinear systems of two degrees of freedom (2-DOF), shows the applicability of the main theorem.
This paper is organized as it follows: Section 2 contains some preliminary results. In section 3 we present the main theorem: an existence result of, at least, a pair of heteroclinic solutions. An application to a family of coupled 2-DOF nonlinear systems is presented in last section.
Notations and preliminary results
Consider the following spaces
It can be proved that (X, · X ) and (X 2 , · X 2 ) are Banach spaces.
By solution of problem (1), (2) we mean a pair (u, v) ∈ X 2 such that
verifying (1), (2) . For the reader's convenience we consider the definition of L 1 − Carathéodory functions:
iii) for each ρ > 0, there exists a positive function ϑ ρ ∈ L 1 (R) such that, whenever x, y, z, w ∈ [−ρ, ρ], then
Along this chapter we assume that
A convenient criterion for the compacity of the operators is given by next theorem:
x ∈ M } are equiconvergent at ±∞, that is, for any given > 0, there exists t > 0 such that
The existence tool will be given by Schauder's fixed point theorem:
) Let Y be a nonempty, closed, bounded and convex subset of a Banach space X, and suppose that P : Y → Y is a compact operator. Then P has at least one fixed point in Y .
Existence of heteroclinics
In this section we prove the existence for a pair of heteroclinic solutions to the coupled system (1), (2), for some constants A, B ∈ R.
Theorem 5 Let φ, ψ : R → R be increasing homeomorphisms and a, b : R → (0, +∞[ continuous functions satisfying (H1) and (H2). Assume that f, h :
with
whenever x, y, z, w ∈ [−R, R]. Then for given A, B ∈ R the problem (1), (2) has, at least, a pair of heteroclinic solutions (u, v) ∈ X 2 .
Proof. Define the operators T 1 : X 2 → X, T 2 : X 2 → X and T :
with A and B given by (2) . In order to apply Theorem 4, we shall prove that T is compact and has a fixed point.
To simplify the proof, we detail the arguments only for T 1 (u, v) , as for the operator T 2 (u, v) the technique is similar.
To be clear, we divide the proof into claims (i)-(v).
(i) T is well defined and continuous in X 2 .
Let (u, v) ∈ X 2 and take ρ > 0 such that (u, v) X 2 < ρ. As f is a L 1 − Carathéodory function, there exists a positive function ϑ ρ ∈ L 1 (R) verifying (6) . So,
is also continuous on X and, therefore, T 1 (u, v) ∈ C 1 (R).
By (2), (4), (6) and (H2),
Therefore, T 1 (u, v) ∈ X, and, by the same arguments,
(ii) T M is uniformly bounded on M ⊆ X 2 , for some bounded M .
Let M be a bounded set of X 2 , defined by
for some ρ 1 > 0. By (4), (6), (H1) and (H2), we have
By similar arguments, T 2 is uniformly bounded on X. Therefore T M is uniformly bounded on X 2 .
(iii) T M is equicontinuous on X 2 .
Let t 1 , t 2 ∈ [−K, K] ⊆ R for some K > 0, and suppose, without loss of generality, that t 1 ≤ t 2 . Thus, by (4), (6) and (H1),
Therefore, T 1 M is equicontinuous on X. Analogously, it can be proved that T 2 M is equicontinuous on X. So, T M is equicontinuous on X 2 .
(iv) T M is equiconvergent at t = ±∞.
Let (u, v) ∈ M . For the operator T 1 , we have, by (4), (6) and (H1),
uniformly in (u, v) ∈ M , as t → −∞, and,
For the derivative it follows that,
Therefore, T 1 M is equiconvergent at ±∞ and, following a similar technique, we can prove that T 2 M is equiconvergent at ±∞, too. So, T M is equiconvergent at ±∞.
By Theorem 3, T M is relatively compact.
(v) T : X → X has a fixed point.
In order to apply Schauder's fixed point theorem for operator T (u, v) , we need to prove that T D ⊂ D, for some closed, bounded and convex D ⊂ X 2 .
Consider
with ρ 2 > 0 such that
with ρ 1 given by (9) . Following similar arguments as in (ii), we have, for (u, v) ∈ D,
and T D ⊂ D. By Theorem 4, the operator T (u, v) = (T 1 (u, v) , T 2 (u, v)) has a fixed point (u, v) ∈ X 2 .
By standard arguments, it can be proved that this fixed point defines a pair of heteroclinic or homoclinic solutions of problem (1), (2) .
the solutions (u, v) ∈ X 2 of problem (1), (2), will be a pair of homoclinic solutions.
where • q 1 (t) and q 2 (t) represent the generalized coordinates;
• d, τ, γ are positive constant coefficients which depend on the characteristics of the physical or mechanical system under consideration;
• cos(t) is related to the type of excitation of the system under consideration;
• ζ, ω 0 , are the damping coefficient and the frequency, respectively.
As the asymptotic conditions we consider q 1 (−∞) = A, q 1 (+∞) = 0, q 2 (−∞) = B, q 2 (+∞) = 0,
with A, B ∈ R, and, moreover, assume that the real coefficients ζ, ω 0 , γ, d, r are such that the integrals
2ζω 0 (q 1 (r)) 3 + ω 2 0 q 1 (r) + γ((q 1 (r)) 3 −3d 2 q 1 (r)q 2 (r)) + cos(r) dr
(13) are finite.
It is clear that (10) is a particular case of (1) with:
where δ ρ (t) and ε ρ (t) are functions in L 1 (R), for ρ > 0 such that
Moreover, conditions (H1) and (H2) hold as,
• φ(R) = ψ(w) = R and φ(0) = ψ(0) = 0;
• |φ −1 (z)| = | 3 √ z| = φ −1 (|z|) = 3 |z| and |ψ −1 (w)| = | 3 √ w| = ψ −1 (|w|) = 3 |w|;
• 
by Theorem 5, the system (10) together with the asymptotic conditions (11) , has at least a pair (q 1 , q 2 ) ∈ X 2 of heteroclinic solutions, since the integrals (12) and (13) , τ = 23 the conditions (15) and (16) hold for ρ > 6.3542.
For the values of the above parameters, A = 10 and B = 8, the heteroclinics solutions q 1 and q 2 have the graphs given in Figure 1 . In Figure 2 we present the real shape of the q 1 trajectory, which is not detailed in Figure 1 due to the scale range. Remark that, if the integrals (12) and (13) are null, then he system (10) has a pair of homoclinic solutions (q 1 , q 2 ) ∈ X 2 . 
